We demonstrate precision measurement and control of inhomogeneous broadening in a multiion clock consisting of three 176 Lu + ions. Microwave spectroscopy between hyperfine states in the 3 D1 level is used to characterise differential systematic shifts between ions, most notably those associated with the electric quadrupole moment. By appropriate alignment of the magnetic field, we demonstrate suppression of these effects to the ∼ 10 −17 level relative to the 1 S0 ↔ 3 D1 optical transition frequency. Correlation spectroscopy on the optical transition demonstrates the feasibility of a 10 s Ramsey interrogation in the three ion configuration with a corresponding projection noise limited stability of σ(τ ) = 8.2 × 10 −17 / √ τ .
We demonstrate precision measurement and control of inhomogeneous broadening in a multiion clock consisting of three 176 Lu + ions. Microwave spectroscopy between hyperfine states in the 3 D1 level is used to characterise differential systematic shifts between ions, most notably those associated with the electric quadrupole moment. By appropriate alignment of the magnetic field, we demonstrate suppression of these effects to the ∼ 10 −17 level relative to the 1 S0 ↔ 3 D1 optical transition frequency. Correlation spectroscopy on the optical transition demonstrates the feasibility of a 10 s Ramsey interrogation in the three ion configuration with a corresponding projection noise limited stability of σ(τ ) = 8.2 × 10 −17 / √ τ .
With fractional uncertainties near to ∼ 10 −18 , stateof-the-art optical atomic clocks are among the most accurate scientific artefacts [1] . The two most successful realizations are ensembles of neutral atoms stored in optical lattices [2, 3] and ions confined in radio-frequency (RF) traps [4, 5] . The latter offers strong confinement such that atoms can be reused for subsequent clock interrogation and measurement. The stability of the current generation of trapped-ion optical clocks is limited by single-ion operation. This has limited the instability of ion-based clocks to ∼ 10 −15 / √ τ , for which averaging times τ of several days or even weeks are required to reach 10 −18 resolution. Modest improvements to stability can be expected as laser technology develops to allow longer interrogation times but ideally this would go hand-in-hand with an increase in the number of ions.
Within the standard quantum limit (SQL), clock stability improves with the √ N where N is the number of atoms [6] . With an ensemble of ions, frequency resolution could be further enhanced using entangled states [7] [8] [9] [10] [11] or cascaded interrogation schemes [12, 13] . From a technological standpoint, extension of clock operation to a small ensemble of ions is an immediate application for devices developed for small-scale quantum information processing (QIP). However, characterizing and maintaining exquisite control over various systematic effects in an ion ensemble is a significant challenge.
Multi-ion operation is complicated by electric quadrupole (EQ) shifts arising from the Coulomb fields of neighbouring ions, excess-micromotion (EMM) shifts induced by the radio-frequency (rf) trapping field, and inhomogeneous magnetic fields. Efforts and proposals towards high-accuracy multi-ion optical clocks include (i) precision engineering of the ion trap to suppress EMM shifts [14] , (ii) employing clock transitions with a negative differential scalar polarisability, ∆α 0 , to eliminate EMM shifts in a large ion crystal [15, 16] , and (iii) using dynamic decoupling or rf-dressed states to 646 nm suppress EQ shifts [17, 18] . All three approaches are readily adaptable to 176 Lu + although the first approach requires EQ shifts to be mitigated in a linear ion crystal.
In this work, high resolution microwave spectroscopy is used to characterize the effects of neighbouring ions in a three-ion crystal. This facilitates the alignment of the magnetic field to suppress ion-induced EQ shifts to the few mHz level, or ∼ 10 −17 relative to the 1 S 0 ↔ 3 D 1 optical transition frequency. The resulting shift of the clock transition would be further suppressed by hyperfine averaging [19] . Correlation spectroscopy, which allows frequency comparison between ions beyond the coherence time of the probe laser, is used to demonstrate multi-ion atomic coherence for interrogation times up to 10 s.
Lutetium offers three possible clock transitions, with the focus here being on the Experiments are carried out in a four-rod linear Paul trap with axial end caps as described elsewhere [20, 21] . An ac field of frequency Ω rf = 2π × 16.74 MHz is applied to diagonally opposing electrodes via a quarter wave resonator and dc voltages of ∼ 8 V are applied to the endcaps. This configuration provides measured secular frequencies of {ω r1 , ω r2 , ω z } = 2π × {720, 680, 133} kHz. A magnetic field of ∼ 0.1 mT is used to lift the degeneracy of Zeeman levels. Microwave transitions between 3 D 1 hyperfine levels are driven by an antenna located outside the vacuum chamber.
For detection, 646-nm fluorescence is imaged onto an EMCCD camera with a pixel size of 16 µm. The imaging system has an estimated magnification factor of ∼ 7 and a numerical aperture of 0.4. An algorithm based on a maximum likelihood estimator is used to minimize crosstalk between adjacent ions and distinguish the eight possible outcomes. By applying the algorithm on reference images, the overall detection error is estimated to be 0.5%.
For Lu + , a technique of hyperfine averaging can be used to eliminate shifts associated with the electronic angular momentum, J, which appear differentially between hyperfine states, |F, m F , of a J > 1/2 fine-structure level [19] . However, in a multi-ion crystal, these shifts are a source of inhomogeneous broadening, which would diminish the efficacy of averaging; as the interrogation time increases, individual shifts become increasingly resolved, distorting the line shape of the multi-ion spectroscopy signal, and shifting the center away from the mean. For 176 Lu + , the most significant problem arises from the coupling of the Coulomb interaction between ions to the EQ moment. In a linear ion crystal, the shift is given by [22] 
where e is the elementary charge, m is the mass of the ion, θ is the angle between the applied dc magnetic field and the trap axis, {C 6 , C 7 , C 8 } = {−2, 5, −3}/5, and Θ(J) = 0.66 a.u. is the EQ moment for 3 D 1 [23] . For a threeion crystal, {Q 1 , Q 2 , Q 3 } = {9, 16, 9}/5. In general, the shift can be eliminated by aligning the field at an angle θ 0 ≈ 54.7
• to the trap axis. Although it has been demonstrated that EMM can be mitigated in a well-designed linear Paul trap [14] , the trap used in this work has axial end caps, which results in a significant rf-field along the trap axis. Since this can partially mimic the form of Eq. 1, EMM shifts must be characterised as well. In general, EMM produces a second-order Doppler (SD) shift, ∆f SD , which can be written
where f 0 is the clock transition frequency, u i is the displacement of the ion along the i th principle axis, and ω i,rf is the confinement frequency from the rf trapping field along the same axis. An associated AC Stark shift, ∆f S,F is also produced, which is proportional to the SD shift and can be written
where β is the angle between the applied dc magnetic field and the local rf electric field. The quantities Ω s and Ω T are determined, respectively, by the differential scalar and tensor polarizabilities of the clock transition.
The values reported in [24] give Ω s = 2π × 245 +33 −24 MHz and Ω T = 2π × 16.5(5) MHz. Hence, for the value of Ω rf used here, the first term of Eq. 3 is < 0.006 and can be neglected.
Micromotion is compensated by adjusting dc voltages while monitoring EMM sidebands in three directions iteratively. In the xz plane, the strength of the EMM is measured by a sideband-ratio method [15] using stimulated-Raman transitions between | 3 D 1 , 7, 0 and | 3 D 1 , 8, 0 with two sets of 646-nm beams as shown in Fig. 2(b) . The EMM modulation indices are determined to be 0.049(1) and 0.013(1) for x and z directions, respectively. To minimize EMM along the third direction, the scattering probability at the EMM sideband is measured using a near-resonant 646 nm beam with a k-vector nominally aligned along Fig. 2(b) ). This approach is limited by off-resonance scattering from 3 P 0 with an estimated minimum deducible EMM modulation index of ∼ 0.1. We put an upperbound on the fractional SD shift of ∼ −6.5 × 10 −18 for a 176 Lu + located at the EMM null point and this is limited by the sensitivity afforded by the 646-nm scattering method.
With EMM reasonably compensated for the center ion, only the z-component for the outer ions will significantly contribute to Eq. 2. With dc voltages set to zero, ω z,rf is measured to be 2π × 28 kHz, which gives a differential fractional frequency shift of −2.2 × 10 −17 between the middle and outer ions. In addition, the micromotion will be predominately along the z-axis, such that β ≈ θ. Consequently, suppressing the EQ shifts by setting θ, will also suppress the EMM-induced ac stark shift.
To investigate inhomogeneities across the three-ion crystal, both optical and microwave Ramsey spectroscopy is used. In either case, the probability for each ion to make a transition is
where f is the frequency of the probe field, f 0,i is the resonant transition of the i th ion, and T the Ramsey time. Correlation spectroscopy is also used to assess frequency comparisons between pairs of ions beyond the radiation field's coherence time [25, 26] . Following [25, 26] , the expectation value of the parity operator p ij = σ z,i σ z,j , when averaged over a uniform distribution of laser phases, is found to be
where p c characterizes the loss of relative coherence between the two atomic oscillators under investigation. Note that correlation spectroscopy also rejects commonmode fluctuations influencing the atoms, such as that arising from ambient magnetic field noise. The
, 0 transition has a very low sensitivity to magnetic fields, which facilitates long Ramsey times with high frequency resolution. Moreover, when EMM is reasonably compensated, only EQ shifts given by Eq. 1 significantly contribute to a differential frequency shift between individual ions. The combination of high frequency resolution and the angular dependence of Eq. 1 facilitates accurate alignment of the B-field to suppress tensor shifts across the ion crystal. With a misaligned magnetic field, individual ion signals for a 1 s long Ramsey interrogation are shown in Fig. 3(a) . As expected, the outer two ions are shifted differentially with respect to the center ion. The observed frequency difference of 252(10) mHz and the theoretical quadrupole moment Θ = 0.655 a.u. from Ref. [23] implies an angular misalignment of ∼ 20
• . The frequency difference observed in Fig. 3(a) is contributed from both states and is a factor of 8/5 larger than for the optical transition to | 1 S 0 , 7, 1 . This is demonstrated by correlation spectroscopy of the Fig. 3(d) , which is taken under the same conditions as Fig. 3(a) . As expected, the outer two ions maintain the same relative phase as function of interrogation time but accumulate a phase difference with respect to the middle ion. The estimated frequency difference from this data is 148(3) mHz consistent with the 252(10) mHz observed in Fig. 3(a) .
Alignment of the field by reducing the observed frequency differences can be enhanced by increasing the Ramsey interrogation time. In Fig. 3(b) , the Ramsey time is increased to 5 s and the B-field adjusted to reduce the observed frequency differences to 4.9(1.6) mHz, which corresponds to ∼ 10 −17 of the 1 S 0 ↔ 3 D 1 optical transition. This would enable a clock interrogation duration of 10 s without significant broadening effects due to differential EQ shifts. This is illustrated by the 10 s long optical correlation spectroscopy measurement shown in Fig. 3(e) . Due to restricted optical access in our setup, we are unable to create a differential phase shift as demonstrated in Ref. [26] . However, for the purposes of comparison, the optical correlation spectroscopy measurement shown in Fig. 3(f) is taken with a misaligned magnetic field and without EMM compensation.
Magnetic field gradients can also be assessed using microwave correlation spectroscopy on the |7, 0 ↔ |8, 1 transition as shown in Fig. 3(c) . As expected, a field gradient causes a phase accumulation between the outer ions at twice the rate relative to the inner ion. Given the transition's field sensitivity of 875 Hz/µT, the observed oscillation corresponds to a field gradient of 52 µT/m and a ∼ 4 mHz frequency difference between the outer two ions for the | 1 S 0 , 7, 1 ↔ | 3 D 1 , 7, 0 clock transition. Dominant contributions to inhomogenous shifts of the
, 0 clock transition across the three ions consist of: a SD shift of −7.8 mHz on the outer ions due to EMM, a ±2 mHz shift on the outer ions due to magnetic field gradients, a 3.1(1.1) mHz differential shift between the middle and outer ions due to the EQ shift induced by neighbouring ions. The sum total of these shifts cannot completely account for the overall decline of the parity signals seen in Fig. 3(e) . We believe the drop in contrast to be caused by heating during the Ramsey zone, which similarly accounts for the loss of contrast in Fig. 3(b) . Nevertheless, to allow for possible dephasing, we fit the data in Fig. 3(e) to Eq. 5 using p c = p The SD shift arising from EMM is a consequence of the end cap geometry of the trap. Better trap designs have shown shifts at the 10 −19 level over millimeter length scales [14] , and those results would be equally applicable to lutetium. The shift due to magnetic field gradients could also be trivially compensated with an external coil. This leaves only the EQ shifts, which give differential shifts at the 10 −17 level. For a 10 s Ramsey experiment, these would have minimal effect on the mean position of the center line and the efficacy of hyperfine averaging. From the EQ shifts measured here, we estimate that hyperfine averaging would suppress residual shifts to well below 10 −20 . An alternative strategy to mitigate shifts from EMM is to use the 1 S 0 ↔ 3 D 2 transition. This transition has a negative differential scalar polarizability, which allows EMM shifts to be suppressed by operating at a magic trap drive frequency [15] estimated to be Ω RF /2π ≈ 32.9(1.3) MHz [27] . Moreover, for this transition, EQ shifts are reduced due to the smaller C F coefficients for the | 3 D 2 , F, 0 states.
In summary, it has been shown that inhomogeneous broadening in a crystal of three 176 Lu + ions can be suppressed to the level of 10 −17 of the clock transition. This level of suppression is sufficient to allow hyperfine averaging to practically eliminate shifts due to inhomogeneous broadening for interrogation times up to a few tens of seconds and for a larger number of ions. The approach demonstrated here will allow lutetium clock operation to extend to multiple ions and take full advantage of the superior clock properties offered by this atom [27] . This work also conclusively demonstrates that a quadrupole moment does not preclude the possibility of a high accuracy multi-ion clock. 
